A new high order accurate semi-implicit space-time Discontinuous Galerkin method on staggered grids, for the simulation of viscous incompressible flows on two-dimensional domains is presented. The designed scheme is of the Arbitrary Lagrangian Eulerian type, which is suitable to work on fixed as well as on moving meshes. In our space-time formulation, by expressing the numerical solution in terms of piecewise space-time polynomials, an arbitrary high order of accuracy in time is achieved through a simple and efficient method of Picard iterations. For the dual mesh, the basis functions consist in the union of continuous piecewise polynomials on the two subtriangles within the quadrilaterals: this allows the construction of a quadrature-free scheme, resulting in a very efficient algorithm. Some numerical examples confirm that the proposed method outperform existing ones.
THE NEW STAGGERED SPACE-TIME FINITE ELEMENT METHOD
The spatial discretization
We propose a numerical scheme for the solution of the incompressible Navier-Stokes equations on 2D domains, following the original ideas in [6, 7] . The spatial discretization is performed through the use of two unstructured grids: a primary triangular grid for the approximated pressure function, and a staggered edge-based quadrilateral grid (named dual grid) for the approximated velocity functions. In the framework of the Galerkin finite element methods, we define the finite element space of order p for the discretized pressure using the standard nodal basis functions on the reference triangular element T std = {(ξ , η) ∈ R 2,+ | η ≤ 1 − ξ ∧ 0 ≤ ξ ≤ 1}, by imposing the classical Lagrange interpolation condition φ k ( ξ l ) = δ kl over the 2D Newton-Cotes quadrature nodes:
with the multi-index k = (k 1 , k 2 ) and the index ranges 0 ≤ k 1 ≤ p and 0 ≤ k 2 ≤ p − k 1 . In this way
for the dual finite element space of order p. Since we want to derive a quadrature-free Arbitrary Lagrangian Eulerian implementation, we consider the square as the union of two sub-triangles T I and T II and we construct the basis functions following the standard nodal approach of continuous finite elements (indeed, we get two mini-elements). This is an approach very similar to the P k − iso P k+1 finite elements used for the velocity approximation in some mixed problems, for example the Stokes problem, where mixed finite element approximations are employed in order to numerically satisfy the inf-sup compatibility condition. These elements are fully described in [4] . We build the basis functions over the nodes which lie on the sub-triangle T I exactly like we did for T std , and then we extend them continuously to T II , in order not to have discontinuity inside the square. Viceversa, we construct the basis functions over the nodes which lie on T II via a transformation between T II and T std , and then we extend them continuously to T I .
For the time discretization, the generic space-time element defined in the n-th time-step of the simulation [t n ,t n+1 ] is given by a triangular prism for the main grid, and a quadrilateral prism for the dual grid. In the Lagrangian case, these volumes are stretched in some way according to the local mesh velocity, while in the Eulerian case they are some right, not slanting in time, prisms. The N γ = p γ + 1 temporal basis functions {γ k } k∈[1,N γ ] for polynomials of degree p γ are defined as the Lagrange interpolation polynomials passing through the equidistant 1D Newton-Cotes quadrature nodes on the reference interval I std = [0, 1]. Finally, using the tensor product, we define the basis functions on the space-time
THE SEMI-IMPLICIT SCHEME FOR THE INCOMPRESSIBLE NAVIER-STOKES EQUATIONS
We consider the two dimensional Navier-Stokes equations for incompressible Newtonian fluids with homogeneous density ρ and homogeneous dynamic viscosity coefficient µ, in the conservative, adimensional form:
where p = P/ρ indicates the normalized fluid pressure; P is the physical pressure; ν = µ/ρ is the kinematic viscosity coefficient; v = (u, v) T is the velocity vector; u and v are the velocity components in the x and y direction, respectively;
is the flux tensor of the nonlinear convective terms. Following the same ideas in [3, 5] , the momentum Eq. (3) can be rewritten as:
where
The Picard's method for the high-order accuracy in time
The Discontinuous Galerkin finite element formulation considers the integration of Equations (2) and (3) on the space-time control volumes of the primary grid and of the dual grid, respectively. Following the ideas in [1] , [7] , a semi-implicit discretization is employed, which combines the simplicity of explicit methods for nonlinear hyperbolic PDE with the stability and efficiency of implicit time discretizations. In order to obtain a method with high-order accuracy in time, we use a simple Picard iteration which introduces the information of the new pressure into the viscous and convective terms, but without involving a nonlinearity in the final system to be solved. This approach is inspired by the local space-time Galerkin predictor method proposed for the high order time discretization of P N P M schemes in [2, 3] . One time step of the final numerical scheme can be summarized as follows: 
NUMERICAL RESULTS
Some relevant tests were executed in order to assess the computational efficiency and the accuracy of the new numerical method. Compared to the staggered space-time DG algorithm of Tavelli and Dumbser [7] the new method proposed here is not only computationally more efficient thanks to its quadrature-free formulation, but also less memory consuming, since all integrals can be precomputed once and for all on a universal reference element. Moreover, thanks to the use of the piecewise basis functions for the dual finite element space, all the matrices of the Galerkin formulation can be updated, with their geometric information, at every time-step n, by a cheap matrix-vector product which uses the first levels of the cache memory.
Taylor-Green vortex test. As a numerical test for the incompressible Navier-Stokes equations, we consider the unsteady Taylor-Green vortex problem. The solution of the problem is determined by:
u(x, y,t) = sin(x) cos(y) exp(−2νt), (6) v(x, y,t) = − cos(x) sin(y) exp(−2νt),
We set periodic boundary conditions for the domain Ω = [−π, π] 2 , ν = 0.1 and the final time T = 0.1. An implicit treatment of the viscosity terms is applied, therefore the time step is given by the CFL-type restriction for only the convective operator:
where CFL = 0.4, h min is the minimum of the radii of the circles inscribed in the triangles (primary grid) and s max is the maximum, over all the edges of the quadrilaterals (dual grid), of the maximum eigenvalue of the convective flux tensor, that is 2 max{|v + · n|, |v − · n|}.
We have compared the results obtained by the new ALE implementation of the method, using zero velocity mesh, with the results that were obtained in [7] by an Eulerian implementation of the method, with fixed meshes: in Table 1 the errors in the L 2 norms for the pressure p and the velocity field v, together with the convergence order
log((h min ) 1 /(h min ) 2 ) , for an increasing size of the primary grid (first column), are reported for the case p = p γ = 2. In Figure 1 the slope of the third-order method is shown for this test. Finally, Table 2 and Figure 2 show the improved efficiency of the new algorithm (ALE, with zero mesh velocity), with respect to the Eulerian implementation: for the grid with the highest resolution, 39.9% of the computational time is saved, and only 44.7% of the memory is required, with respect to the Eulerian implementation. 
